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Figure1: Salientcritical points(theblue,red,andgreenpointsareminimum,maximum,andsaddles,respectively). (a) Thebackof thelion
headmodelwith largenoiseandsmallhair textures,andthecorrespondingmeancurvaturevisualization.(b) Themeancurvaturefunction
yields7,629critical pointsdueto thecurvaturefunction'ssensitivity to noise.(c) Thecorrespondingmeshsaliency. (d) Salientcritical points
with lower number. Sincemeshsaliency in (c) capturesthehair textureandnegatesthenoisycurvaturein (a),our methodbasedon saliency
selectsthe moreinterestingcritical pointsin the importantregion. In color imagesshown in this paper, warmercolors(redsandyellows)
show highcurvatureor saliency andcoolercolors(blues)show low curvatureor saliency.

Abstract

A novel methodfor extractingthesalientcritical pointsof meshes,
possiblywith noise,is presentedby combiningmeshsaliency with
Morsetheory. In this paper, we usethe ideaof meshsaliency asa
measureof regional importancefor meshes.Theproposedmethod
de�nes thesalientcritical pointsin a scalarfunctionspaceusinga
center-surround�lter operatoronGaussian-weightedaverageof the
scalarof vertices.Comparedto usinga purelygeometricmeasure
of shape,suchas curvature,our methodyields more satisfactory
resultswith the lower numberof critical points. We demonstrate
theeffectivenessof thisapproachby comparingourresultswith the
resultsof the conventionalapproachesin a numberof examples.
Furthermore,this work hasa varietyof potentialapplications.We
give a direct applicationto the hierarchicaltopologicalrepresen-
tation for meshesby combiningthesalientcritical pointswith the
Morse-Smalecomplex.
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Morsetheoryis a powerful mathematicaltool for determiningthe
topology of a manifold from the critical points of one suitable
scalarfunction on the manifold. Recently, discreteMorse theory
[Banchoff 1970;Edelsbrunneret al. 2003]on a triangulatedmani-
fold hasalsobecameanactive researchareain computergraphics
and computationalgeometryusing different real scalarfunctions
[Edelsbrunneret al. 2003; Bremeret al. 2004; Dong et al. 2006;
Natarajanet al. 2006; Ni et al. 2004]. In discreteMorse theory,
extracting the critical points of 3D meshesis an importantprob-
lem. However, a poor choiceof this real function can lead to a
complex con�guration of a high numberof critical pointsdue to
noise.In addition,somesalientcritical pointson importantregions
mightalsobemissedwhensomemethodsof smoothing(or fairing)
Morsefunctionareused.Recently, meshsaliency [Leeetal. 2005],
asa measureof regional importancefor meshes,hasbeenderived
from 2D imagetechniques.In this paper, we focuson theproblem
of how to extractthesalientcritical pointsof meshesby combining
meshsaliency with Morsetheory.

Morsetheory, whichwasoriginallydevisedfor smoothfunctionson
manifolds,connectsthedifferentialgeometryof a surfacewith its
algebraictopology. Morsetheoryhasbeenextendedto piecewise
linear functionson triangulatedmeshes[Banchoff 1970]. Givena
real-valuedfunction over someshape,discreteMorse theory de-
scribesthe connectednessof the shapefrom the con�guration of
thepointswherethefunction'sgradientvanishes,its so-calledcrit-
ical points(e.g. minima,maxima,saddles).Extractingthecritical
pointsof 3D meshesis animportantproblemin discreteMorsethe-
ory. Someapplicationsarestronglydependenton thequalityof the
critical points,suchasquadrilateralremeshing[Dong et al. 2006]
andsurfacesegmentation[Natarajanet al. 2006]. However, there
arestill two problemsin extractingcritical pointsfrom meshesdue
to noise.Oneproblemis thata poorchoiceof Morsefunctioncan
yield many morecritical pointsdueto thescalarfunction'ssensitiv-
ity to surfacenoise[Ni et al. 2004]. Figure1(b) shows anexample
for thelion headmodelwith largenoise,in whichameancurvature



functionyields7,629critical points.Theseextra critical pointsare
causedby thepoorcurvaturefunction'ssensitivity to noiseandhair
textureson thebackof this model.Theotherproblemis thatsome
salientcritical points in importantregionsmight be missedwhen
somesmoothingmethodsareused.For example,whentheisotrop-
ically smoothingMorsefunctionis usedfor this goal,somesalient
critical pointsmightbediffusedandskipped.

Thereareseveralmethodsfor resolvingtheabovetwo problems,in-
cludingdirectlysmoothingthesurface,simplifying thetopologyby
cancellingpairsof critical points[Bremeretal. 2004;Edelsbrunner
etal. 2003],andsmoothingtheMorsefunctionusingtheLaplacian
operationin the scalarfunction space[Dong et al. 2006;Ni et al.
2004].Directly smoothingtheoriginal surfacewill changethesur-
faceanddestroy theoriginalsurfaceposition.Topologysimplifying
needsto build thepersistence[Edelsbrunneret al. 2002]andhier-
archy [Bremeretal. 2004;Edelsbrunneretal. 2003],whichrequire
the expenditureof large amountsof time andspaceif the number
of verticeson the meshesis gigantic. The methodof smoothing
the Morsefunction leapfrogsthis persistenceorganizationandre-
movesunwantedcritical pointsin asinglestep.Ni etal. [2004]use
theLaplacianoperatorfor smoothingtheMorsefunctionto cancel
many unnecessarycritical points. Dong et al. [2006] apply their
work to surfaceremeshing.Laplaciansmoothingcanget a lower
numberof critical points,but it is hard to extract the salientcrit-
ical points in someinterestingand importantregions. Laplacian
smoothingis isotropic,andthereforeit alsodiffusesshapefeatures
in the scalarfunction spaceand might skip somesalientcritical
pointswhensmoothingthe Morse function occurs. Furthermore,
Ni etal.'smethodneedsto solveeigenvectorsfor a linearsystemof
Laplaceequationto �nd a smoothMorsefunction.Solvinga num-
berof eigenfunctionsrequirestheexpenditureof largeamountsof
time, if thenumberof verticesfor a meshis giganticeven though
multi-resolutiontechniquesareused[Ni et al. 2004]. In this paper,
we follow someideasfrom Ni et al.'s works [Ni et al. 2004] us-
ing meshsaliency insteadof Laplaciansmoothing.In contrast,our
methodusesaniterativestrategy insteadof solvingeigenvectorsfor
a linearsystemof Laplaceequation.

Thepurposeof thesaliency mapis to assignasaliency valueto each
imagepixel, which is introducedin 2D imageprocessing.Morere-
cently, it hasbeenextendedto3Dmeshprocessingin differentways
(e.g. Refs. [Gal andCohen-Or2006; Lee et al. 2005; Yamauchi
et al. 2006]). Basedon the theoryof saliency of visual parts,Gal
et al. [2006] proposea methodfor de�ning the salientgeomet-
ric featuresfor partial shapematching. Lee et al. extendthe 2D
saliency mapto 3D meshesthroughthecenter-surroundoperation
onGaussian-weightedmeancurvatures,andapplymeshsaliency to
meshsimpli�cation andview selection.Yamauchiel al. combine
similarity andLee et al.'s saliency approachesfor selectingstable
andsalientrepresentative views of 3D shapes.Sincethealgorithm
of meshsaliency proposedby Leeet al. [2005] is simple,fast,and
well feature-preservingin thescalarfunctionspace,it is apotential
choicefor extractingthe critical points. In fact, Lee et al.'s mesh
saliency computationis a geometry�lter (smoothing)operationin
termsof the meancurvatureusedwith the center-surroundmech-
anism. For combiningsaliency mapsat differentscales,the �nal
meshsaliency is computedby applyingthe non-linearnormaliza-
tion of suppressionto all scales.

Our approachis built on the techniqueof meshsaliency proposed
by Leeet al. [2005]. In somesense,our algorithmcanbeconsid-
eredanapplicationof meshsaliency basedonLeeetal.'salgorithm
[Lee et al. 2005]. We call the extractedcritical points basedon
meshsaliency salientcritical points. We also�nd that theoriginal
meshsaliency algorithmcannotprovide thebestresultsfor ourap-
plication in extractingcritical points. In this paper, we explorethe
improved methodfor meshingsaliency for different modelspos-

sibly with small or large noise. Our improved methodcombines
the differentanisotropicbilateral �lter operation[Fleishmanet al.
2003;Joneset al. 2003],andan iterative procedure.Our strategy
canbring the salientcritical points in importantregionswith the
lowernumber. In addition,oursaliency methodis suitablefor most
scalarfunctions,suchas geodesicand atomic density[Natarajan
et al. 2006], in additionto curvatureandheightfunctions.Thedi-
rect applicationof our methodis a hierarchicaltopologicalrepre-
sentationfor meshesby combiningtheMorse-Smalecomplex.

2 Background

In this section,we review thenecessarybackgroundaboutcritical
pointsandmeshsaliency.

2.1 Critical Points

Let M denoteacompact2-manifoldwithoutboundaryand f : M !
R denotea real-valuedsmoothfunction on M. Supposinga local
coordinatesystemat a point p 2 M, point p is critical if the gra-
dient of p vanishes;otherwise,it is regular. In general,critical
pointsareclassi�edasmaxima( f decreasesin all directions),min-
ima( f increasesin all directions),andsaddles( f switchesbetween
decreasingandincreasingfour timesaroundp).

In this paper, we only considerthatM is a triangulatedmeshpos-
sible with noise. Ni et al. [2004] have extendedMorse theory to
meshedmanifoldswith boundary. Here f is apiecewise-linearreal
function. Its valuesarede�ned on theverticesof themeshM, and
linearly interpolatedwithin the edgesand trianglesof the mesh.
Typically, we alsocall f the Morsefunction of M. Supposeeach
edgehv1;v2i 2 M that f (v1) 6= f (v2). Therefore,the gradientis
constant,non-zero,andwell de�nedacrosstheinteriorsof thefaces
andedges;critical pointsoccurat thevertices[Ni et al. 2004].The
degenerate�at edgelimitation canbeovercomeby perturbationor
Conley index theory[Ni etal. 2004].Wefollow thegeneralmethod
[Banchoff 1970;Ni et al. 2004]usingoneneighborhoodfor de�n-
ing the local neighborhoodof a vertex v 2 M. A vertex is labelled
amaximum/minimumif its functionvalueis higher/lower thanthat
of its neighbors,regular if its lower neighborsform a connected
chain,andasaddle,otherwise.

2.2 Mesh Saliency

Leeetal. [2005] introducedtheideaof meshsaliency asameasure
of regionalimportancefor graphicsmeshes,andexploredtheappli-
cationsof meshsaliency to meshsimpli�cation andview selection.
Thebasicideais to �lter thecurvaturesof verticesin meshesusing
acenter-surroundoperatoronGaussian-weightedmeancurvatures.
We �rst summarizethealgorithmof meshsaliency asfollows.

1. Computethe curvatureof eachvertex v 2 M usingTaubin's
method[Taubin1995]. Let C(v) denotethemeancurvature
of v.

2. Computethe Gaussian-weightedaverageof the meancurva-
tureateachvertex v asfollows:

G(C(v);s ) =

å
x2N(v;2s )

C(x) exp[¡k x ¡ vk2=(2s 2)]

å
x2N(v;2s )

exp[¡k x ¡ vk2=(2s 2)]
; (1)



whereN(v;s ) denotesa neighborhoodfor a vertex v andin-
cludesthesetof verticeswithin adistances with v.

3. Computethesaliency S (v) of a vertex v astheabsolutedif-
ferenceof the Gaussian-weightedaverage(i.e. Eq. (1)) be-
tween�ne andcoarsescales:

S (v) = jG(C(v);s ) ¡ G(C(v);2s )j: (2)

4. The �nal meshsaliency is computedby addingthe saliency
maps(i.e. Eq. (2) ) at � ve scalesafterapplyinga non-linear
normalizationof suppression.

The meshsaliency algorithmis essentiallyan anisotropic�lter or
smoothingoperationfor themeancurvaturefunction.Ourgoalis to
improve themeshsaliency algorithmfor applyingto critical points
extraction.

3 Salient Critical Points

3.1 Disadvantages of Mesh Saliency

By testingsomeexamples,we �nd that theoriginal meshsaliency
algorithmcannot offer the bestresultsin our applicationfor ex-
tracting critical points. By analyzingthe original algorithm, we
�nd two disadvantagesfor ourapplication.

Onedisadvantageis thatEq. (2) might make thesamesaliency for
two oppositeandsymmetricverticesbecauseof usingtheabsolute
differencebetweenthe Gaussian-weightedaverage. For instance,
thestandardexamplein Morsetheoryis theheight(e.g. z coordi-
nate)functionover a torusstandingon its side. In this case,there
areonemaximumandoneminimumin theouterring, andtwo sad-
dlesin the innerring. Supposethetorusis centeredat theoriginal
point with a height of 2h; the maximum(h) and minimum (¡ h)
have the oppositeheightvalueandthe sameneighborhoodstruc-
ture. However, the saliency valuesof the two verticesaresameif
usingtheabsolutedifferencein Eq. (2). Similarly, moreincorrect
critical pointsareintroducedbecauseof thesymmetryof thetorus,
wherethelowestpoint is incorrectlyclassi�edasmaximum.There-
fore, theuseof theabsolutedifferencein Eq. (2) is not appropriate
for extractingthecritical pointsof a3D meshbecauseit will change
thetypeof critical points.

Theotherdisadvantageis thatStep4 is dif�cult for controllingthe
numberof critical pointsbecauseit only combinessaliency maps
of � ve scales.If the chosenscalesarenot appropriate,the Morse
function might be extremelynon-smooth.For example,an inap-
propriatescaleyieldssomeextra critical pointsfor a smoothtorus
surface. Conversely, if moreclosescalesareutilized in saliency
computation,over-smoothingmight alsooccur, resultingin some
salientcritical pointsbeingmissed.Ni etal. [2004]solvea relaxed
form of Laplaceequationto �nd a smoothMorsefunction with a
user-controllednumberof critical points.It is non-trivial to build a
similar equationsystemfor Gaussianoperation.To overcomethis
problem,we useananisotropicsmoothingoperationwith anitera-
tive procedureinsteadof using� ve scalesandsolvinganequation
system.Thesaliency of critical pointsis preservedby anappropri-
ateanisotropic�lter operation,andthenumberof critical pointsis
controlledby the iterative number. Themorethe iterative number,
thelessthenumberof salientcritical points.We will introducethe
improvedalgorithmin thenext sections.

3.2 Anisotropically Smoothing Morse Function

Filtering is a fundamentaloperationof imageprocessingandcom-
putervision. It meansthatthevalueof the�ltered imageatagiven
location is a function of the valuesof the input imagein a small
neighborhoodof the samelocation. Similarly, we canregard the
Morsefunctionvalueof a vertex on a meshasthegrayvalueof a
pixel in animage,andtheconnectiveneighborhoodof thevertex as
theneighborhoodof thepixel. A partof theresearchin thispaperis
an extensionfrom imagesmoothingto smoothingMorsefunction
onmeshes.

SmoothingaMorsefunctionwith aLaplacian�lter [Ni etal. 2004]
is an ef�cient techniquefor cancellingmany pairsof unnecessary
critical points. However, this techniqueis isotropic,andtherefore
hasindiscriminatelysmoothnoiseandsalientfeatures,sothismight
skip somesalientcritical points. The idea of our approachis to
modify theLaplaciandiffusionequationto make it anisotropic.In
particular, theGaussian�lter usedfor computingthemeshsalient
computesa weightedaverageof valuesin the neighborhood,in
which the weightsdecreasewith the distancefrom the neighbor-
hoodcenter. Alternatively, thebilateral�lter , introducedby Tomasi
andManduchi[1998], is anotheranisotropic�lter derivedfrom the
Gaussian�lter , with a featurepreservation termthatdecreasesthe
weight of pixels asa function of intensitydifference. In this sec-
tion, we will describethe above smoothingoperationof bilateral
�lter for anisotropicallysmoothingtheMorsefunction.

Similar to thesecondstepin meshsaliency, we selectthebilateral
�lter operation[Fleishmanet al. 2003; Joneset al. 2003] instead
of thesimpleGaussian�lter . We give theequationof thebilateral
smoothingoperationfor thereal function f (v) on eachvertex v as
follows:

B( f (v);s ) =

å
x2N(v;2s )

f (x)Wc(kx ¡ vk)Ws(j f (x) ¡ f (v)j)

å
x2N(v;2s )

Wc(kx ¡ vk)Ws(j f (x) ¡ f (v)j)
; (3)

wherethe closenesssmoothing�lter is the standardGaussian�l-
ter with parametersc : Wc(x) = exp[¡ x2=(2s 2

c )], and a feature-
preservingweight function with parameters s that penalizeslarge
variationin intensityis: Ws(x) = exp[¡ x2=(2s 2

s )]. Comparedwith
the Gaussianoperation,the outputof Eq. (3) on a vertex v is also
a weightedaverageof thesurroundingvertices,but theweightde-
pendsnotonly onthespatialdistancekx¡ vk, but alsoonthescalar
functiondifferencej f (x) ¡ f (v)j. Thebilateralsmoothingmaybe
regardedasan anisotropic�lter consistingof two Gaussianoper-
ationsbothon thespatialdistancekx ¡ vk andthescalarfunction
differencej f (x) ¡ f (v)j.

3.3 Saliency Computation

Beingdifferentfrom Step3 in meshsaliency, we do not adoptthe
absolutedifferencebetweentheGaussian-weightedaverageof the
meancurvatureas the vertex's saliency. The disadvantageof the
absolutedifferencehasbeendiscussedin Section3.1. We de�ne
thesaliency on a vertex v astheGaussian-weightedaverageof the
scalarfunction differencebetweenits neighboringverticesandv,
wheretheweightis similar to theweightin Eq. (3). By combining
the bilateral �lter in Eq. (3), we alsoget the equationof saliency
computation:

S B( f (v);s ) =

å
x2N(v;2s )

( f (x) ¡ f (v))Wc(kx ¡ vk)Ws(j f (x) ¡ f (v)j)

å
x2N(v;2s )

Wc(kx ¡ vk)Ws(j f (x) ¡ f (v)j)
:

(4)



3.4 The Algorithm Implementation

In this section,we give the whole algorithmof extractingsalient
critical points. First, we apply a bilateral �lter to a singlevertex
v for computingits saliency values. After �nishing the saliency
computationon all vertices,updatethereal functionvalueon each
vertex v as: f̂ = f + s. Finally, afterseveraliterative saliency com-
putations,we utilize thecomputedsaliency for extractingthecrit-
ical pointsby Banchoff 's method[Banchoff 1970;Ni et al. 2004].
Thefollowing is thepseudo-codefor thealgorithmof extractingthe
salientcritical points:

Listing 1: Thefundamentalsalientcritical points extraction algo-
rithm.

Procedure SalientCriticalPoints(M;s ; iteration);
I nput :

M : t he gi ven mesh
s : t he r adi us of t he nei ghborhood
iterations: t he number of i t er at i o n s

Output :
sal i en t c r i t i c a l poi nt s

L ocal v ar i ab l es :
N : t he si ze of M
vi : t he i v er t ex of M
fi : t he r eal f unct i on val ue on vi
si : t he computed sal i ency val ue on vi

begin
for ( j =1 to iterations)

f vig= v er t i ces (M ) ;
N=jf vigj ;
for ( i =1 to N)

fi= f unct i on (vi ) ;
si=computate vi ' s sal i ency usi ng Eq . (4) ;

end
update v er t i ces f unct i ons as : fi = fi + si ;

end
c l assi f y v er t i ces usi ng ClassifyVertex;
return ex t r ac t i ng sal i en t c r i t i c a l poi nt s ;

end

The ClassifyVertex algorithm referredto in Listing 1 is a direct
implementationof vertex classi�cation[Ni et al. 2004]. Thetypes
of returningverticesin thealgorithmincludemaximum,minimum,
andsaddle.The readermay consultthe reference(Section3.1 in
[Ni etal. 2004])for detailedexpositionsof thealgorithm.

Parameters. The parametersof the algorithm are: the radius
of neighborhoods , sc, ss, andthe numberof iterations. Similar
to Lee et al.'s strategy [Lee et al. 2005] for choosingthe neigh-
borhoodradiuss , we chooses = 8:0e, wheree is 0:3% of the
lengthof the diagonalof the boundingbox of the model. We use
sc = s asthestandarddeviation of theGaussian�lter at distance.
In addition,we give two methodsfor choosings s. Onemethodis
thatss is simply equalto sc. Theothermethodis thatss is equal
to the maximaldifferenceamongreal functionsof verticesin the
neighborhoodof a vertex. We have tried both andfound that the
�rst methodgivesus betterresults,so we chooses c = ss = s in
our implementation.Onemaychoosea larges andperforma few
iterations,or chooseanarrow �lter andincreasethenumberof iter-
ations.In all resultsshown in thispaper, weuse10 to 20 iterations.
We �nd that a small numberof iterationsis suf�cient andadvan-
tageousboth for the speedof computationandfor the numberof
salientcritical points. Furthermore,we usea kd-treeto accelerate
thesearchingspeedof pointsin a spherewith theradiuss andthe
centerat verticesof themesh.

Table1: Comparisonsof timeandthenumberof critical points.

Model Fig. #Verts #Iters Time(s) s #CP

Lion 1(b) 24K - - - 7629
1(d) 24K 10 3.9 8:0e 493

Squirrel 3(b) 10K - - - 2864
3(d) 10K 20 1.4 8:0e 152

Protein 4(a) 8K 1 0.13 8:0e 741
4(b) 8K 10 0.63 8:0e 257

4 Results and Discussion

Critical pointsalwaysdependon a Morse function f , which is a
real-valued function de�ned on a surface. The de�nition of the
Morsefunctionfor a moregeneralsurfaceis non-trivial, andit de-
pendscloselyon applications.If a differentMorsefunctionis used
as f , the critical points might change. Thereare many different
de�nitions for theMorsefunction. For instance,in terrainmodel-
ing applications,the height function hasbeena useful function f
[Bremeret al. 2004]. However, theheightfunctionis not invariant
to transformationssuchasobjectrotation. Thecurvaturefunction
mayprovide invariancein a rotation,but it is sensitive to thenoise
of thesurface.For segmentingmolecularsurfaces,Natarajanet al.
[2006] chosean atomicdensityfunction. This paperdoesnot fo-
cusonhow to de�ne new Morsefunctions.In all theresultsshown
in this paper, we adopt the meancurvature function as a Morse
function for testingthe effectivenessof our methodbecauseof its
invariancein arotation.WeuseTaubin'smethod[Taubin1995]for
curvaturecomputation.In fact,any otherMorsefunctioncanalso
besuitablefor ourmethod.

We have implementedthe algorithm of extracting salientcritical
pointsasdescribedin the previous sectionandappliedit to some
models. The algorithm describedabove is implementedin C++.
Theexecutiontime is given in secondson a PentiumIV 1.70GHz
processorwith 512M RAM excludingthetime of loadingmeshes.
This sectioninvestigatesthe effectivenessof our methodby com-
paringourresultswith theresultsof theconventionalcritical points
extractionalgorithm[Banchoff 1970;Ni et al. 2004],andthecan-
celledcritical pointsalgorithmbasedontopologicalpersistenceand
simpli�cation (TPS) [Edelsbrunneret al. 2002]. Finally, we also
give an examplefor showing a direct applicationto a hierarchical
topologicalrepresentation.

Table1 gives the time in secondsfor somemeshesreferredto in
this paper, where“#Verts” is thenumberof verticesof themodels,
“#Iters” is the numberof iterations,and “#CP” is the numberof
critical points. In all the resultsshown in this section,we use10
to 20 iterations.We foundasmallnumberof iterationsis suf�cient
bothfor thespeedof computationandfor thenumericalstability.

Example1 Comparisonswith the conventionalcritical pointsex-
traction algorithm [Banchoff 1970; Ni et al. 2004] (Referto Fig-
ures1, 2). The backof the lion headmodel includeslarge noise
andmany smallhair textures.Themeancurvaturefunctionyields
many critical points due to the curvaturefunction's sensitivity to
noise(seeFigure1(b)). Our methodbasedon meshsaliency can
�lter somenoiseandcapturetheimportantfeatures,andyieldsthe
salientcritical pointsin themoreinterestingregion of hairswith a
lowernumberafter10 iterations,asshown in Figure1(d)).

For showing the quality of critical points, we also illustrate the
topologicalsegmentationof salientcritical pointsusingtheMorse-
Smale(MS) complex. TheMS complex [Edelsbrunneret al. 2003]



(a) (b)

Figure2: TheMS complex comparisonwith theconventionalcrit-
ical pointsextractionalgorithm. (a) The full MS complex of the
original modelin Figure1(b). (b) TheMS complex corresponding
to Figure1(d). Note our methodgeneratesa moresimpli�ed MS
complex dueto thereductionof critical points.

is acellulardecompositionof ascalarfunctionoveramanifold,de-
�ned formally asthe re�nementof its ascendingmanifoldsby its
descendingmanifolds[Edelsbrunneretal. 2003;Dongetal. 2006].
The MS complex is a power tool, andhasbeenappliedto many
graphicstechniques,suchastopologicalsimpli�cation andhierar-
chy [Bremeret al. 2004; Edelsbrunneret al. 2002; Edelsbrunner
et al. 2003;Natarajanet al. 2006],cuttinga surfaceinto a Disk [Ni
et al. 2004],andsurfacequadrangulation[Dong et al. 2006]. Fig-
ure2 givestheMS complex comparisoncorrespondingto the lion
headmodelin Figure1. TheoriginalMS complex (seeFigure2(a))
is too complex for someapplicationsdueto noise. Salientcritical
pointsusingour methodcangeneratea moresimpli�ed anduni-
form MS complex (seeFigure2(b)). Ourmethodcanalsoserve for
the above applications,including surfacesegmentation[Natarajan
et al. 2006], cutting [Ni et al. 2004], andremeshing[Dong et al.
2006].

Example2 Comparisonwith TPS(Refer to Figure3). The algo-
rithm of topologicalpersistenceandsimpli�cation, i.e. TPS,is an
alternativemethodfor cancellingcritical points[Edelsbrunneretal.
2002]. In general,thepersistenceof a critical point pair is de�ned
astheabsolutedifferencein thevaluesof f betweenthetwo points
[Edelsbrunneret al. 2003]. Figure3 givesanexamplefor compar-
ing ourmethodwith TPS.A meancurvaturefunctionyieldsamass
of critical pointsdueto noise,andthe full MS complex is gener-
atedin Figure 3(a). In Figure 3(b), the TPS methodis usedfor
removing all critical pointswith persistencelessthan0:1% of the
meancurvaturerange.Figure3(c) shows thesalientcritical points
after20 iterationsusingour methodwith theclosenumberof crit-
ical pointsgeneratedby TPS.Observe thedifferencein theareaof
the left eye in Figures3(d) and3(e). Note thatTPSstill hassome
critical pointsremainingaroundthisareabecauseof thehighnoise
points in this region with a persistenceof morethan0:1%. Con-
versely, ourmethodcanonly leaveonesalientcritical pointaround
thesamearea.

Example3 Hierarchical topological representation(Referto Fig-
ure4). Theef�cient constructionof topologicallysimpli�ed mod-
els is an importantproblemin computergraphicsand geometric
modeling[Edelsbrunneret al. 2002]. Its goal is to remove topo-
logical noiseand leave the topologicalfeatures. Edelsbrunneret
al. [2002] formalizeda notionof topologicalsimpli�cation within
theframeworkof a�ltration, andpresentedatopologicalsimpli�ca-
tion algorithmbasedon persistence.Basedon theproposedpersis-

tencecomputationalgorithmfor cancellingpairsof critical points,
Edelsbrunneretal. [2003]built hierarchicalMS complexesfor sim-
plifying the topologicalstructureof piecewise linear 2-manifolds.
Similar to their work, our methodcan also provide a hierarchi-
cal topologicalrepresentationfor meshesat eachdifferentiterative
level by combiningthe MS complex. The differencebetweenour
methodandthemethodbasedoncancellingcritical pairsis thatour
smoothingprocessnaturallygives the hierarchicalcritical points.
The setof MS complexesat different iterationsintroducesa hier-
archicaltopologicalrepresentationfor meshes.The proposedhi-
erarchicaltopologicalstructurebasedon salientcritical pointsand
iterationscanberegardedasa bene�cial supplementof theknown
algorithms.Figure4 shows a hierarchicalexampleof a molecular
surfaceincluding1,5,and10iterations.In thisexample,weusethe
structureof anenzyme,phospholipaseA2 (ProteinDataBankcode:
2bp2).Enzymescarryout their catalyticreactionon a local siteof
the molecularsurface. Therefore,developing a methodologyfor
segmentinga molecularsurfacein a biologically meaningfulway
is very useful for characterizingand also predictingthe function
of proteins. Detectingsalientcritical points is suitablefor appli-
cationto proteinsurface,becausefewer (hencelarger)andsigni�-
cantsegmentsareobtained,which would bemoretolerantto small
conformationalchangesof molecularsurfacedue to the intrinsic
�e xibility of proteins.Ourmethodmightmovepositionsof critical
pointsafterseveraliterations.

5 Conclusions

We have presenteda simple,robust,andef�cient algorithmfor ex-
tracting the salientcritical points on meshesby combiningmesh
saliency with Morsetheory. Thebasicideaof theproposedmethod
is �rst to assigna saliency value to eachvertex of meshesas the
saliency mapusingtheanisotropicbilateral�lter , andthenextract
the salientcritical points using Morse theory. We also �nd that
theoriginal meshsalientmethodcannot beapplieddirectly to our
methoddueto severaldrawbacks,soan improved iterative imple-
mentationof theproposedalgorithmis provided.Ourmethodis es-
sentiallyananisotropic�lter ontheMorsefunction.In addition,we
comparedour resultswith theresultsof theconventionalmethods,
andthecomparisonsshow our methodcanoffer moresatisfactory
results,especiallyfor thenoisymeshes.Finally, we demonstrated
a directapplicationto a hierarchicaltopologicalrepresentationfor
meshesby combiningtheMorse-Smalecomplex.

Themajordrawbackin ourcurrentimplementationis thatthenum-
ber of salientcritical points is dependenton the iterationnumber
andcannot be accuratelycontrolled. Ni et al. [2004] cancontrol
the numberof critical pointsby solving a linear Laplaceequation
system.However, it is not easyto build a similar linear Gaussian
equationsystemandsolve it effectively. In the future we plan to
explore researchof the boundednumberof critical points for the
Gaussianequationsystem.In somesense,thenew methodstill has
the samedrawbacksas the other iterative methods. That is, the
terminationconditionis hardto control. In our currentimplemen-
tation,theiterationnumberis theonly conditionfor termination.In
the futurework we planto addtheotherterminationconditionsto
makeourmethodmoreeffective.
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Figure3: Comparisonwith TPSof asquirrelmodelwith light noise.
(a) A massof critical pointsyieldedby a meancurvaturefunction,
andthefull MS complex. (b) Cancellingsomecritical pointsusing
TPS,andthesimpli�ed MS complex. (c) Salientcritical pointsafter
20iterationsusingourmethod,andthecorrespondingMS complex.
(d) Themagni�ed view of (b) on theleft eye of themodel.(e) The
magni�ed view of (c). Thereis a closenumberof critical pointsin
both (b) and(c), where(d) has141critical pointsand(e) has152
critical points.

(a) (b)

Figure4: A hierarchicaltopologicalrepresentationfor a molecu-
lar surfaceby combiningour methodwith the MS complex. (a)
Salientcritical pointsafteroneiterationandthecorrespondingMS
complex. (b) 10 iterations.
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