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Abstract—We study an interesting channel which maps binary
sequences to self-avoiding walks in the two-dimensional grid,
inspired by a model of protein folding from statistical physics.
The channel is characterized by a Boltzmann/Gibbs distribution
with a free parameter corresponding to temperature. We estimate
the conditional entropy between the input sequence and the
output fold, giving an upper bound which exhibits an unusual
phase transition with respect to temperature.

I. INTRODUCTION

A central object of study in molecular biology is the protein
folding process by which sequences of amino acids are trans-
formed into three-dimensional structures. This process has
been studied empirically via a lattice model [4], [5], in which
amino acid sequences are represented by sequences from the
alphabet {H,P} (Hydrophobic and Polar residues). Further-
more, protein structures are represented by self-avoiding walks
on a two-dimensional square lattice, which we call folds (see
Figure 1).
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Fig. 1: A sequence passing through the channel and being
paired with a fold given by a self-avoiding walk.

For each sequence s, the folds f are assigned energies
E(f |s) depending on the number of different types of con-
tacts between residues, that is, between neighboring, but not
sequence-adjacent, nodes of the self-avoiding walk. These
contact energies are weighted by a scoring matrix Q whose
rows and columns are indexed by H and P . Since hydrophobic
interactions are a dominant force for protein folding, it is
reasonable to classify amino acids into hydrophobic (H) and
polar (P ). Thus, in the lattice model, contacts between H and
H are more favored (lower energy) than H and P interactions
[6]. In principle, nature will fold a sequence s to its lowest
energy fold f , subject to some noise.

This model inspires the study of an associated channel
(which we first considered in [3] from a more biological and
empirical perspective; here we investigate it for its mathe-
matical appeal) which probabilistically maps binary sequences
to two-dimensional structures. More precisely, the channel is
defined via the Boltzmann distribution induced by the energies.
For each perfect square integer N , we have an input set SN
consisting of 2N sequences of length N over the alphabet
{H,P}. The output set FN consists of all directed self-
avoiding walks of length N on a

√
N ×

√
N integer lattice

which start at (0, 0) and end at (
√
N − 1,

√
N − 1). Note

that all but O(
√
N) points in the lattice have four neighbors

(but only two contact points) since every walk fills the lattice
completely. We endow each sequence/fold pair with an energy
as follows: fix a symmetric 2× 2 matrix Q = {Qij}i,j∈{1,2}
over R (the scoring matrix). For f ∈ FN and s ∈ SN

E(f |s) = 2(Q11cHH +Q22cPP +Q12cHP ), (1)

where cxy denotes the number of contacts {a, b} such that
sa = x and sb = y or vice-versa (throughout, for any sequence
s and j ∈ [N ] = {1, . . . , N}, we denote by sj the jth symbol
of s). Here, the multiplication by 2 is for mathematical conve-
nience and is insignificant to the analysis. Then we define the
folding channel by the conditional probability pN (f |s) that
follows the Boltzmann distribution. More precisely, let β ≥ 0

be a real number (corresponding to an inverse temperature).
Then we postulate

pN (f |s) = p(f |s) =
e−βE(f |s)

Z(s, β)
, Z(s, β) =

∑
f∈FN

e−βE(f |s),

where the function Z is known as the partition function, which
plays a central role in statistical mechanics models as a kind
of generating function of configuration energies.

This channel is interesting primarily because it exhibits sev-
eral unusual mathematical properties: first, it maps sequences
to structures (i..e, self-avoiding walks); second, it is a channel
with full memory; and, finally, several information theoretic
quantities associated with it (e.g., its capacity and conditional
entropy for certain natural input distributions) likely exhibit



phase transitions with respect to temperature, which seems to
be an uncommon phenomenon in channels that are generally
studied. Probabilistically, its analysis presents an interesting
challenge because the nontrivial dependence structure between
fold energies makes bounding the variance of the number
of folds with a given maximum energy difficult, which, in
turn, complicates the calculation of a quantity called the free
energy, discussed below. Since the exponential growth rate
of the number of folds in the output alphabet appears in
several quantities of interest, we also encounter combinatorial
problems which are currently under active investigation.

The present paper explores the information theoretic prop-
erties of this model, asymptotically as N →∞. We focus on
the conditional entropy H(F |S) for a certain natural class of
sequence distributions.

We now summarize our main findings. In the next section,
for sequences generated by a memoryless source, we first
express the conditional entropy as

H(F |S) = E[logZ(S, β)] + βE[E(F |S)].

While it is an easy exercise to justify the linear growth of
the average energy (i.e., E[E(F |S)] ∼ αN for some α), the
behavior of E[logZ(S, β)] is much more sophisticated. In fact,
the free energy, defined as the rate of growth of E[logZ(S, β)]

with respect to N , has a long history [9]. In our case, it
crucially depends on the number of of self-avoiding walks
FN . As a matter of fact, enumeration of folds with unrestricted
endpoints inside a square is an open problem [2]. Denoting this
set by F ′N , we are able to prove that log |F ′N | = Θ(N) (we
will include the proof in the journal version of this paper) but
the question of whether or not limN→∞

log |F ′N |
N exists turns

out to be more challenging. Hence, we restrict our fold set to
those folds which begin at one corner and end at the opposite
one. For this space, the corresponding normalized logarithm
limit was shown to exist and be positive in [1]. We thus define

µ = lim
N→∞

log |FN |
N

.

We then define the free energy to be

γN (β) =
E[logZ(S, β)]

log |FN |
, (2)

with the asymptotic free energy given by

γ(β) = lim sup
N→∞

γN (β).

In Theorem 1 of this paper, we find an explicit expression for
the asymptotics of the properly normalized conditional entropy
H(F |S) as a function of α, µ, and γN (β). More interestingly,
we show an upper bound on the free energy (and, hence, the
conditional entropy) which exhibits a phase transition with
respect to β. We expect a similar transition to also be present in
the capacity, as empirical calculations show (see Figure 2). To

the best of our knowledge, this seems to be a new phenomenon
in the context of channel capacity. In addition, we show in
Theorem 2 that, for a natural class of sequence distributions
and a sufficiently well behaved class of scoring matrices, the
fold energies (after proper normalization) are asymptotically
Gaussian.

As for prior work, we are not aware of any analytical results
for similar channels. While the lattice model of protein folding
has been used previously in computational studies [5], [4],
no probabilistic analysis under assumptions on the sequence
distribution is available in open literature, at least to the best of
our knowledge. Self-avoiding walks with various restrictions
have been studied rigorously by several authors [2], [6], but
not in the context of a sequence to structure channel. We note
that [6] discusses phase transitions of the free energy of a
model on self-avoiding walks, but their model involves a set
of walks and an energy function different from the ones we
consider.

The rest of the paper is organized as follows: Section II
fixes some notation and states the main results. Section III
gives some elements of the proofs of the results.

II. MAIN RESULTS

We now fix some useful notation, make precise our defini-
tion of the energy function, and state our main results.

For any fold f ∈ FN , we denote the two-dimensional
position of the jth node in F by πF (j). For any j, k ∈ [N ], we
say that j and k are sequence-adjacent if |j − k| = 1 (here,
[N ] = {1, 2, . . . , N}). We say that they are lattice-adjacent
and that they form a contact if they are not sequence-adjacent
and ‖πF (j)−πF (k)‖1 = 1 (here, ‖ · ‖1 denotes the `1 norm).
This allows us to define the energy E(f |s) as in (1).

We can also express the E(f |s) as a sum of local energies:
for each i ∈ [N ], define Xi = Xi(f |s) to be

Xi = Q11cHH(i) +Q22cPP (i) +Q12cHP (i),

where cxy(i), discussed above, denotes the number of contacts
{i, j} whose sequence elements are x and y or vice-versa (we
note that the multiplication by 2 in (1) is because, by summing
over all Xi, we count each contact twice). Then we have

E(f |s) =

N∑
i=1

Xi(f |s).

Clearly,

E[E(f |S)] =
∑
i

E[Xi(f |s)] = Nα+O(
√
N)

for some α depending on Q (with α 6= 0 under mild con-
ditions on Q and the sequence distribution), where boundary
conditions contribute the O(

√
N).

In this conference version of the paper we restrict our
attention to a particular class of distributions on SN that is



natural to consider and whose analysis is feasible: the symbols
are i.i.d. random variables, taking the value H with probability
p ∈ (0, 1) and P with probability q = 1 − p. That is, we
take a binary memoryless source with parameter p, which we
denote by BN (p). For such a model, we illustrate below how
to compute α.

Example. Computation of α.
For the sake of simplicity, rather than giving the general
formula, we now assume that

Q =

(H P

H 0 1

P 1 0

)
As mentioned earlier, N − O(

√
N) nodes have exactly two

neighbors, so calculating α reduces to an application of
linearity of expectation. For node i, the energy Xi is the sum
of the contributions of its contacts with its two neighbors.
Taking expectations, we easily get that

E[Xi] = 2pq.

Hence,
E[E(F |S)] = 2pqN +O(

√
N).

A. Statement of Main Results

We start with an expression for the conditional entropy. We
have

H(F |S) =
∑
s∈SN

p(s)
∑
f∈FN

p(f |s) log p(f |s)

= E[logZ(S, β)] + β
∑
s,f

p(f, s)E(f |s)

= E[logZ(S, β)] + βE[E(F |S)]

where FN denotes the set of all self-avoiding walks of length
N in a lattice. The first and third equalities are elementary, and
the second is by substitution of the definition of the channel
into the right-hand side. Dividing by N on both sides, we have

H(F |S)

N
=

log |FN |
N

· logZ(S, β)

log |FN |
+ β

E[E(F |S)]

N
.

It is easy to see that E[logZ(SN , β)] = O(N), so that

γ(β) <∞.

We have the following theorem, which is the main finding
of this paper.

Theorem 1. For any distribution over SN , β > 0, and scoring
matrix Q, the limit α exists and is finite, and

lim sup
N→∞

H(F |S)

N
≤ µ · γ(β) + βα. (3)

Furthermore, if Q comes from a certain broad class of
scoring matrices (satisfying a “niceness” condition, discussed

in Section III-A), for all but finitely many choices of p, when
SN ∼BN (p), there exists σ2 > 0 such that, uniformly over all
f ∈ FN ,

Var [E(f |S)] ∼ Nσ2.

Then we have the following two upper bounds:

lim sup
N→∞

H(F |S)

N
≤

{
µ+ 1

2σ
2β2 β > 0

β
√

2σ2µ β ≥ β∗ =
√
2µ
σ .

Note that the free energy appears in the asymptotic expres-
sion given for H(F |S) in Theorem 1. Thus, since µ > 0, a
phase transition with respect to β in the free energy implies a
phase transition in the conditional entropy. In passing we point
out that the phase transition shown above of the conditional
entropy, and most likely the channel capacity (see Figure
2), seem to be new and unexpected information theoretic
phenomena.

Fig. 2: Empirical evidence of a phase transition in channel
capacity. Here, the capacity at various temperatures for the
channel associated with 6× 6 lattices is depicted. See [3] for
the full figure.

The proof of Theorem 1 is based on the Central Limit
Theorem (CLT) of the energy E(f |S) for each f , which we
formulate next.

Theorem 2 (Central limit theorem for fold energies). Let
SN ∼BN (p) for fixed p. Let, for any f ∈ FN ,

ÊN =
E(f |SN )− E[E(f |SN )]√

N
,

and denote by FN (·) the distribution function of ÊN . Then,
provided σ2 > 0 as in Theorem 1, for all but finitely many
choices of p,

‖FN − Φ‖∞ = O(N−1/2),



where the O(·) is uniform over all folds. Here, Φ denotes the
distribution function of the normal distribution with mean 0

and variance σ2.

The requirement that σ2 > 0 is really a condition on the
scoring matrix Q. We call it niceness of Q and will define and
discuss it further in Section III-A.

In addition to being interesting in its own right, the pre-
ceding central limit theorem is a key part in our derivation
of the upper bounds exhibited in Theorem 1. Furthermore, it
gives some indication that our model behaves asymptotically
somewhat like other previously considered models (e.g., the
Random Energy Model (REM) or the Sherrington-Kirkpatrick
model [9]).

Finally, we remark that the existence of the limit
limN→∞

log |F̃N |
N for a class of folds F̃N can be demonstrated

by some flavor of superadditivity argument: one shows that, for
each a ∈ {1, . . . , N−1}, there is an injection from F̃a×F̃N−a
to F̃N , so that we have

log |F̃N | ≥ log |F̃a|+ log |F̃N−a|.

In certain cases, this injection can be constructed geometri-
cally: if (f, g) ∈ F̃a × F̃N−a, then one creates a fold in
F̃N by concatenating f and g, possibly after some rotation,
translation, or flipping. Then one applies Fekete’s theorem on
superadditive sequences [7] to conclude the existence of the
desired limit.

III. PROOF SKETCHES

In this section, we give proof sketches. We start with
Theorem 2, as it will be used in the proof of the upper bounds.

A. Proof of Theorem 2

The central limit theorem for fold energies follows by
applying a result on m-dependent random fields given in [8].
Slightly specifying to our case and using our notation, it can
be stated as follows.

Theorem 3. Suppose that for some M > 0, E[X8
i ] ≤M <∞

for all i and that {Xi(f |S)}i∈[N ] is m-dependent, for some
m > 0. Provided lim infN→∞

Var [E(f |S)]
N > 0, we have

‖FN − Φ‖∞ = O(N−1/2).

We first establish m-dependence. This follows easily from
the fact that the local energy of a node i in a given fold can
only be dependent on the local energies of those nodes j that
are within a lattice-adjacency neighborhood of i of some fixed,
finite radius. This, in turn, follows from the independent choice
of the sequence elements. Thus, we have m-dependence with
m = 2.

It is further required that the variance of E(f |S) grows at
least linearly with N . We shall establish that Var [E(f |S)] =

Θ(N) (subject to the niceness condition on Q). We have

Var [E(f |S)] =

N∑
i=1

Var [Xi] + 2
∑

1≤i<j≤N

Cov[Xi, Xj ].

Since N−o(N) nodes have exactly two contacts, the dominant
contribution to the first sum comes from those nodes, all of
which have the same variance v(p), a polynomial in p with
coefficients that are polynomials in the entries of Q.

Note, then, that if nodes i and j are not lattice-adjacent,
then Cov[Xi, Xj ] = 0. Thus, any node i is involved in at
most 3 nonzero covariance terms. In fact, N − o(N) nodes
are involved in exactly 2 such terms. All such nodes i and
j have covariance equal to some fixed r(p), a polynomial
in p with coefficients that are polynomials in the variables
QHH , QHP , QPP .

By conditioning on the symbols assigned to nodes i and j
and their other two lattice neighbors, both v(p) and r(p) can
be computed exactly. Thus, we have

Var [E(f |S)] = N · (v(p) + 2r(p)) + o(N).

We call V (p) = v(p) + 2r(p) the variance polynomial of Q.
Provided it is not identically 0 (a property of Q which we call
niceness), it has finitely many roots, at which the variance is
o(N). Excluding these roots, the variance is Θ(N), as claimed,
and we set σ2 = V (p).

Finally, it is required that, for all i, E[X8
i ] < ∞. Since

Xi is bounded between two constants with probability 1, all
moments exist, and the proof is complete.

B. Proof of Theorem 1: Upper bounds

The overall structure of the proof is similar to that given
by Talagrand for the Random Energy Model in [9]. The main
challenge comes from the fact that, whereas, in the REM, all
energies are Gaussian distributed, our fold energies are only
asymptotically Gaussian.

In particular, we need a lemma describing the asymptotic
behavior of the moment-generating function φN (t

√
N) of ÊN .

Lemma 1 (Asymptotics of the MGF of ÊN ). We have, for
arbitrary fixed t ∈ R,

lim
N→∞

log φN (t
√
N)

N
= log φ(t) =

1

2
σ2t2.

Here, φ(t) denotes the MGF of the normal distribution with
mean 0 and variance σ2.

Proof: The strategy is to show that the tails of the integral
are negligible, leaving a central region that can be handled via
Theorem 2. Using Hoeffding’s inequality applied to a Doob
martingale with respect to the local energies, we can show the
following:



Lemma 2 (Large deviations of E(f |S)). For any t > 0 and
f ∈ FN ,

Pr[|E(f |S)− E[E(f |S)]| ≥ tN ] ≤ 2 exp

(
− t

2N

C

)
,

for some constant C > 0.

The proof uses the fact that each node energy is dependent
on at most a constant number of others to bound the martingale
differences.

Now, let FN (x) be the distribution function of ÊN . Taking
the tail at θ

√
N of the MGF integral yields∫ ∞

θ
√
N

et
√
Nx dFN (x),

and integration by parts and application of Lemma 2 shows
that the integral is o(1), so negligible, provided θ > 2Ct.

This leaves the central region:∫ θ
√
N

−θ
√
N

et
√
Nx dFN (x) = Θ(1)

∫ θ
√
N

−θ
√
N

et
√
Nx dΦ(x)

∼ Θ(1)

∫ ∞
−∞

et
√
Nx dΦ(x)

= Θ(1)e
1
2 t

2σ2N .

Here, the first equality is by Theorem 2, and the asymptotic
equivalence follows from the fact that the tails of the Gaussian
distribution are negligible.

Now, for the first upper bound, we proceed as follows.

E[logZ(S, β)] ≤ logE[Z(S, β)]

= log
∑
f∈FN

e−βE[E(f |S)]E
[
e
−β
√
N
E(f|S)−E[E(f|S)]√

N

]
= log

∑
f∈FN

e−βE[E(f |S)]E
[
e−β
√
N ÊN

]
= log

∑
f∈FN

e−βαN(1+o(1)) · e 1
2σ

2β2N(1+o(1))

= N

(
log |FN |
N

−βα(1 + o(1)) +
1

2
σ2β2(1 + o(1)

)
.

where we used Jensen’s inequality to bring the expectation
into the logarithm, and we used the fact that all of the relative
errors are uniform over the set of folds. We thus have

γ(β) ≤ µ− βα+
1

2
σ2β2.

For the second upper bound, the strategy is to find an upper
bound on the derivative with respect to β of the function
φ(β) = E[logZ(S, β)].

We have

− β min
f∈FN

E(f |S) ≤ log

 ∑
f∈FN

e−βE(f |S)


=⇒ lim sup

N→∞

E[−minf∈FN
E(f |S)]

N
≤ β−1µ− α+

1

2
βσ2,

where the first inequality is elementary, and the second is due
to the first upper bound. We find that setting β = β∗ =

√
2µ
σ

minimizes the upper bound, yielding

lim sup
N→∞

E[−minf∈FN
E(f |S)]

N
≤
√

2σ2µ− α.

Furthermore, for arbitrary β,

φ′(β) = E

[
−
∑
f∈FN

E(f |S)e−βE(f |S)∑
f∈FN

e−βE(f |S)

]

≤ E
[(
− min
f∈FN

E(f |S)

)
Z(S, β)

Z(S, β)

]
≤ N(β−1µ− α+

1

2
βσ2)

Now, for β > β∗,

φ(β) ≤ φ(β∗) + φ′(β∗)(β − β∗),

since φ(β) is known to be convex. Applying the upper bound
for φ′(β) yields the second upper bound in the theorem.
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